If one changes the control parameter of a chaotic system proportionally to the distance between an arbitrary point on the strange attractor and the actual trajectory, the lifetime t of the most stable unstable periodic orbit in the vicinity of this point starts to diverge with a power law. The volume in parameter space where t becomes infinite is finite and from its nonfractal boundaries one can determine directly the local Liapunov exponents. The experimental applicability of the method is demonstrated for two coupled diode resonators. PACS numbers: 05.45.+b, 07.50.Ek, Unstable periodic orbits are the building blocks of chaos in nonlinear dynamical systems and therefore of fundamental interest in physics [1] [2] [3] . Since linear systems resonate under periodic forcing with their building blocks, i.e., harmonic oscillators, we are led naturally to the question which we will address in this Letter: Under which time-dependent perturbation will a strongly chaotic nonlinear system resonate with an unstable periodic orbit, and what can be learned from this resonance?
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If one changes the control parameter of a chaotic system proportionally to the distance between an arbitrary point on the strange attractor and the actual trajectory, the lifetime t of the most stable unstable periodic orbit in the vicinity of this point starts to diverge with a power law. The volume in parameter space where t becomes infinite is finite and from its nonfractal boundaries one can determine directly the local Liapunov exponents. The experimental applicability of the method is demonstrated for two coupled diode resonators.
PACS numbers: 05.45.+b, 07.50.Ek, 47.20.-k Unstable periodic orbits are the building blocks of chaos in nonlinear dynamical systems and therefore of fundamental interest in physics [1] [2] [3] . Since linear systems resonate under periodic forcing with their building blocks, i.e., harmonic oscillators, we are led naturally to the question which we will address in this Letter: Under which time-dependent perturbation will a strongly chaotic nonlinear system resonate with an unstable periodic orbit, and what can be learned from this resonance?
We start from two recent results. First, it has been shown by Ott, Grebogi, and Yorke [4] that small timedependent changes of the control parameter of a chaotic system could stabilize a prescribed periodic orbit completely such that the system becomes nonchaotic [5] . Second, it has been demonstrated by Hunt [6] that in order to achieve this effect it is generally sufficient to change the control parameter proportionally to the difference between the desired orbit and the trajectory of the system.
Here we build on these observations by investigating the behavior of a chaotic system under parametric feedback. However, we will not focus a priori on a special orbit but show that if we choose the parameter change proportional to the difference between any point on the attractor [7] and the actual trajectory, the system resonates with the most stable unstable periodic orbit close to this point. The resonance shows up as a divergence of the lifetime t of this unstable periodic orbit and follows a power law. We will also show that there is even in higher dimensional systems a finite volume in parameter space where t becomes infinite, and from its measurable nonfractal boundaries one can determine directly all local Liapunov exponents [8] . The experimental applicability of the method is demonstrated for two coupled diode resonators.
We first consider a one-dimensional map and generalize later to higher dimensional systems. The invariant density r͑x͒ can be expanded in terms of periodic orbits [9] , r͑x͒
‫ء‬ ͔͒ where the sums run over all fixed points x ‫ء‬ f n r ͑x ‫ء‬ ͒ of the n-fold iterated map f and the limit n !`is understood in this equation. The lifetime t of a periodic orbit which contains x ‫ء‬ is determined by the slopes of the map taken at the orbit points,
We now disturb the map locally around a simple fixed point x ‫ء‬ 0 by changing the control parameter r by an amount dr t e͑x Figure 1 shows t 21 ͑e͒ for the logistic map [10] x t11 rx t ͑1 2 x t ͒ at r 3.79. One sees that t͑e͒ displays a resonance that starts at e 0 and extends to large values of e. By linearizing around e 6 , we obtain from Eq. (2) the result that the lifetime t diverges proportionally to je 2 e 6 j 21 for je 2 e 6 j ø 1. The inset in Fig. 1 confirms this power law for several decades. Equation (2) shows also that the local slope f 0 ͑x ‫ء‬ 0 ͒ (i.e., the local Liapunov exponent) and the parameter dependence ͑≠f͞≠r͒ ͑x ‫ء‬ 0 ͒ can be obtained directly from the measurable locations of the two critical points e 6 .
This result can be generalized in a straightforward fashion to periodic orbits of arbitrary order n [11]. It should be clear from these considerations that if we apply parametric feedback which is localized within an interval 2d around an arbitrary point x ‫ء‬ that that unstable periodic orbit which becomes stabilized first will start to resonate. Its increase of lifetime can be observed in the invariant 24 . This inverse fraction can vary between unity (if the system stays always within the stabilization interval) and infinity (if it never enters this interval). The figure shows that for 4.67 , e , 14.3, this fraction is unity. For e 0, t 21 is close to its unperturbed value of 5 3 10 3 . The inset illustrates the power law by showing the inverse time in a log-log plot at the right border of the stabilized region; e 1 14.3.
density or in the power spectrum of the system [12]. Figure 2 shows how for the logistic map an orbit of higher order close to an arbitrarily chosen point becomes stabilized, even in the presence of additive noise.
In higher dimensional systems whose dynamics are described by 
The
It follows from t 21
For given g i , Eq. (3) becomes a linear equation for the coefficients a jj . Since an interchange of the g i 's merely leads to an interchange of the equations for the a jj 's, i.e., to the same a jj 's, it follows that the hypercube in g i space is mapped onto a volume in a jj space which has d 1 1 corners (i.e., a triangle in two dimensions) and which is bounded by d hyperplanes and one curved surface (see Fig. 3 ). Since the e i 's follow from the a jj by a linear transformation [15] , the volume in e space where t diverges is a linearly deformed version of the volume in a space. This means that the volume in parameter space for which the lifetime of the unstable fixed point diverges is finite and from its d 1 1 corners one can determine all Liapunov exponents FIG. 3 . Schematic representation of the mapping from the space of the eigenvalues g i to the coefficients a jj ; see Eq. (3). The hypercube in g space (i.e., a square for the twodimensional case shown) is mapped into a "half-hypercube" (a triangle in two dimensions) in a space. This is illustrated by numbering the corners of the square in g space (from 1 to 4), and by labeling the corresponding corners in a space by the same numbers. The line 1 -3 (diagonal; thick line) is mapped to one side of the triangle (thick line). . In two regions we deviated from this grayscale coding: First, we show in solid white the triangle in which the trajectory never leaves the interval around the unstable fixed point (i.e., t 1.0). Second, we highlight in white the contour on which t assumes a value identical ͑65%͒ to that found at e 0.
FIG. 4. Stabilization of an unstable orbit of the
l i and the d 3 d coefficients of the transformation matrix between a jj and e i [16] .
As an example we consider the Hénon map [10] , x t11 r 1 0.3y t 2 ͑x t ͒ 2 , y t11 x t . Figure 4 shows the triangle in parameter space where the lifetime of the fixed 
In order to examine the application of the method experimentally, we choose to employ two coupled diode resonators. This system exhibits the quasiperiod route to chaos and has been previously studied in detail [17] . Further, it has been controlled in a number of low-and high-period orbits [18] .
The system, shown in the inset of Fig. 5 , is composed of a parallel combination of two diode resonators in series with a resistor, which allows for coupling, and is driven sinusoidally. Each diode resonator is composed of a diode and an inductor. As the drive voltage is increased, the system period doubles once and then undergoes a Hopf bifurcation into a quasiperiodic state. This gives way to mode-locked states, sometimes a second Hopf bifurcation, and chaos. To view the dynamics, we electronically produce a display of its Poincaré section, by sampling and displaying the currents through the two branches of each cycle. The section, following the Hopf bifurcation, appears as two circles, the points of which smoothly rotate in the quasiperiodic region and become stationary in the phase-locked region. With increasing drive the circles break up and the motion becomes chaotic.
The control method used here is described in Ref. [6] . In this method, deviations from a set point, within a window, are fed back to modulate a parameter of the system. For the purpose of this work, we use two controllers, one for each branch, and sum their outputs. Since the system has already period doubled, we sample the currents in the two branches every other drive cycle and apply the feedback signal for two drive cycles. The drive voltage is arbitrarily chosen so the system is at the onset of a phaselocked state. Initially the system is controlled to the preHopf bifurcation state (still period 2) and the set points are adjusted to the fixed points by minimizing the feedback signal. The gain of each controller e 1 and e 2 may then be adjusted to determine the range over which control is maintained.
The magnitude of the complex local Liapunov exponent can be determined by the rate at which the orbit spirals away from the fixed point. Figure 6 shows the deviation of the currents after control on the fixed point has been switched off. We find for the slope 0. 16 
